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1 Introduction 

We study Maximal Rank Maps and Riemannian Submersions vr : Af — > i?, 
where M and B are Riemannian manifolds. 

As essential tools in this work we are interested in equivalence relations 
between non-compact Riemannian manifolds given by Rough Isometrics, a 
concept first introduced by M. Kanai 

Motivated by O'Neill ^01 we investigated the question: when does a 
maximal rank map differ only by a rough isometry of M from the simplest 
type of Riemannian submersions, the projection '■ F x B — > B a 
Riemannian product manifold on one of its factors. Firstly, for Riemannian 
submersions vr : M — > i? we show that, if the base manifold B is compact 
and connected, then the fibers F can be roughly isometrically immersed into 
M, and thus, M is roughly isometric to the product F x B oi any fiber and 
the base space [Theorem 14. 1 . I| . When B is noncompact, connected and 
complete, and diam{F) is uniformly bounded, the Riemannian Submersion 
TT is a rough isometry, and thus, if a fixed fiber F is compact then M is 
roughly isometric to the product F x B oi that fiber and the base space 
[Theorem I4.1.2j . Secondly, for onto maximal rank maps that are not 
necessarily submersions, by adding control on the length of horizontal vector 
lifts we have the same consequences [Theorem l4.2.l| Theorem l4.2.3] . We 
provide Counterexamples in section to show that the assumptions made 
are necessary conditions. 

The paper begins with background. 

2 Rough Isometries and Riemannian Submersions 

In this section we define some notation and provide some definitions accord- 
ing to M. Kanai [HI and O'Neill [Hj. 

We will be interested in equivalence relations given by rough isometries, 
a concept first introduced in [£]. 

Definition 2.1 A map (p : M N , between two metric spaces {M,6) and 
{N,d), not necessarily continuous, is called a rough isometry, if it satisfies 
the following two axioms: 
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(RI.l) There are constants A > 1,C > 0, such that, 

^<5(pi,P2) -C < d{^{pi),^{p2)) < A6{pi,p2) + C, ypi,p2 e M 

(RI.2) The set Imip := {q = ip{p),\/p G M} is full in N , i.e. 

3e > : iV = Bs{Imip) = {q e N : d{q, Irmp) < e} 
In this case we say that Irmp is e-full in N . 

One can easily show that \i ip : M ^ N and ip : N ^ M are rough 
isometries, then the composition ^ o : M ^ M is also a rough isometry. 

We will denote by ip~ : N ^ M a, rough inverse of 99, defined as follows: 
for each q £ N, choose p £ M so that d{ip{p), q) < e, and define ^~{q) := x. 
We point out here that such a p exists because of the condition (RI.2). 
is a rough isometry such that both 6{{p~ o (p{p),p) and d{ip o ip~{q),q) are 
bounded in p G M and in q £ N, respectively. 

We refer to O'Neill JU] for the properties of Riemannian submersions. 
We start recalling their definition. 

Let M™ and be Riemannian manifolds with dimensions m and n, 
respectively, where m > n. 

Definition 2.2 A map ir : M ^ B has maximal rank n if the derivative 
map vr* is surjective. 

According to [TOj, a tangent vector on M is said to be vertical if it is 
tangent to a fiber, horizontal if it is orthogonal to a fiber. A vector field 
on M is vertical if it is always tangent to fibers, horizontal if it is always 
orthogonal to fibers. 

Since the derivative map vr^x of vr is surjective for all x E M, its rank 
is maximal. We can define the projections of the tangent space of M 
onto the subspaces of vertical and horizontal vectors, which we will de- 
note respectively by {VT)x and {HT)x for each x € M. In that case, 
we can decompose each tangent space to M into a direct orthogonal sum 
T^M = {VT)x © {HT)x. 

Definition 2.3 A Riemannian submersion n : AI ^ B is an onto mapping 
satisfying the following two axioms: 

(5.1) vr has maximal rank; 

(5.2) vr* preserves lengths of horizontal vectors. 



2 



MAPPINGS WITH MAXIMAL RANK 



3 



3 Long Curves and Their Lifts 

Here we begin with background from O'Neill JO] and continue with an 
investigation of curves and their lifts. 

Let TT : M B denote an onto mapping with maximal rank n between 
Riemannian manifolds and i?" with m > n. 

Prom the maximality of the rank of the onto mapping vr we have the 
unique horizontal vector property: 

Lemma 3.1 Let b & B. Given any w G Ti,B and x £ M satisfying tt{x) = h, 
there exists a unique horizontal vector v G TxM which is t: -related to w, i.e. 
satisfying v G {HT)^ and {TT>t:)x{v) = w. 

If, in addition, one has control from below over the length of horizontal 
vectors, then one has contro; from below over the distance in M. This is 
the essence of the following Lemma. 

Lemma 3.2 Assume that M and B are both connected and geodesically 
complete. Let x, x' £ M , T^in C M he a minimal geodesic joining x to x' , 
and 'jmin C B be a minimal geodesic joining 7r(x) to tt{x'). Suppose that for 
all b £ B and for all x £ there exist constants a > 1 and P > 0, both 
independent of b and x, such that 

-\\w\\b - P < \\v\\m (1) 
a 

for all w G TjjB, where v is the unique horizontal lift of w through x that we 
assume satisfies \ \v\\m < 1, o-nd \ \ ||m; || ||b denote the inner product on 
TM and TB, respectively. 

Then, dM{x,x') = i{r^in) > ^i{7min) -(3= idB(7r(x),7r(x')) - P 

Proof. Without loss of generality, we may assume that the horizontal lift 
V G {HT)x of w satisfies ||i'||m ^ 1) and that both parametrizations of 
and 7min. are defined in the interval [0, 1]. 
We may write 

rL„,(0 = r'y(t) e r^(t) g t^m = {vt)x e (ft)„ vt g [o, i] 

Notice that by Lemma 13.11 T'^[t) G rp^^^(()M is the unique horizontal 
vector which is vr— related to (vr o Lmm) (t), for each t G [0,1]. Assume 
that r is parametrized proportionally to arclength, and that ||r^(t)||A,/ < 1. 
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We have, 

m 



dM{x,x') = i{Tmin) 



1 

> - 

a 







— (vr O Tmin) (t) 



I \\T'y{t)(Br'H{t)\\Mdt> \\r'H{t)\\Mdt> 
Jo 

\ min.geod. 

dt-p = -i{TT o r™„) -p > 



a a 
which concludes the Lemma. 

□ 

In what follows lifts of curves are defined. 

Definition 3.3 Let 7 : [ti,t2] B be a smooth embedded curve in B and 
r : [ti,t2] M be any curve in M satisfying vr o F = 7. The curve T is 
called a lift of^. 

If in addition, V is horizontal, i.e., V'{t) G {HT)Y{t)^'^'t € [^1,^2]; where 
r(ti) = xq & M with 7(ti) = '7r(xo), the curve T is called a horizontal lift 
of ^ through xq. Recall that the horizontal lift of a curve in B, through a 
point xq £ M is unique. 

Next, we define long curves. 

Definition 3.4 Let (3 be any positive constant. A smooth embedded curve 
7 : [ii,t2] B is said to be a jS-long curve if miti<t<t2 Il7'(^)ll ^ P- -^^ ^^'^^ 

||7'(t)||(it > (3{ti — ^2)- We say that a curve 7 is simply a 

tl 

long curve if it is a (3 -long curve for some constant (3 > 0. 

Let 7 : [tl, ^2] B denote a smooth embedded curve and let F : [ti, t2] — > 
M denote a lift of 7. 

In the next two Propositions, under control from above (below) on the 
derivative of the maximal rank mapping vr, we have control from below 
(above) over the length of any lift of a curve. 

For instance, in Proposition l3T5] for a long curve 7 in B any of its lift 
F in M cannot be short, and Proposition 13.61 the length of a lift F of a 
long curve 7 is bounded above by the length of 7. 

We denote by || \\m and || \\b the Riemannian norms in TM and TB, 
respectively. 
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Proposition 3.5 Assume there are constants a > 1 and /3 > such that, 

\\{tt*)xv\\b < a\\v\\M + 1^ (2) 

for all X £ M, for all v £ T^M satisfying \ \v\\f^j < 1. 
If J is any smooth (3-long curve in B, then, 

^(r)>-W7)-/3(t2-ii)]>0 
a 

where ^{T) and ^(7) denote the lengths of the curves T and 7, respectively. 

Proof. First, we choose a parametrization proportional to arc length of 
r : t G [ii,i2] — > r(i) £ Af) an arbitrary lift of 7 C -B. We may assume 
without loss of generality that ||r'(t)||^j < 1. 

If we use V = T'{t) in ((2j and vr o F = 7, we obtain 

\\iit)\\B = |l(^*)rwr'(t)||^ < a\\T'{t)\\^j + (3, Vt G [t,,t2] (3) 

Finally, if we integrate © , we get 

£(7) = r\h'm^dt<ar\\r'{t)\\^,dt+/3 rdt= 

= a ■ 1{T) + P{t2 - ti) ^ 

^(r)>^W7)-/3(t2-ti)]>o 

which proves the proposition. 

That the second hand side of the last inequality above is positive follows 
from the assumption that 7 is a long curve. Therefore, as it can be inter- 
preted from the inequality shown, for a long curve 7 any of its lift F cannot 
be short. 

□ 



Proposition 3.6 Let 7 : [ti,t2] — > B denote a smooth embedded curve and 
let F : [ii,i2] M denote a lift of^. For horizontal ^^^ vectors v G TM 
only, assume that there is a universal constant a > 1 such that, 

\\{Tr*)xV\\B>^\\v\\M-P (4) 



for all X G M, for all v G T^M \ (VT)^ = (HT)^ = [ker(7r*)a;] 
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If J is a P-long curve then, 

e{r)<a[i{j) + /3{t2-h)] 

where i{T) and £(7) denote the lengths of the curves T and 7, respectively. 

Now, in the proof of Proposition l3.6l we will need the following Lemma: 
for a long curve in B, any of its lift in M is non-vertical. 

Lemma 3.7 Let 7 : [ti,t2] B be a smooth embedded curve in B and let 
r : [ti,t2] M be a lift of ^. If is a long curve, then, V is non-vertical, 
i.e. there exists an interval [ti,t2], such that, 

(r'(t))^/o, ViG[ii,t2] 

where T'{t) = {T'{t))y © (r'(t))^ G Trit)M = {VT)rit) © {HT)rit). 

Proof. Since 7 is a smooth, embedded long curve, there exists an interval 
let us say [ti,t2]) for which, 

7'(t) /O, Vt G [ti,t2] 

Moreover, since for all t G [ti,i2] the restriction of the derivative map 

Mm l(/fT)p(i) is an isomorphism, 

we thus obtain 

(7r,)r(t) (r'(t))^ = (vr,)r(i) {(r'(t))^ © (r'(t))^} = (vr.)rw {^'(0) = l'{t) + 

(r'(t))^/o 

for all t G [ti, ^2], and thus F is non- vertical. 

□ 

Proof, of Proposition XS.fA We first notice that because 7 is a long curve, 
by Lemma 13.71 T is non- vertical. 

If we use the horizontal vector v = T'{t) in (jlj, we may write 

Prop^M\) 1 

/ ||(vr,)r(,)r'(t)||^>-||r'(t)||,.^-/3, VtG[ti,t2] 

and using vr o r = 7 in the above inequality, we obtain 

0/||7'(i)lU>^||r'(t)||^,-/3, VtG[ti,t2] 
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which in turn imphes that 

\\r'{t)\\^^<a{\h'it)\\^ + (3), yt€[h,t2] 

Finahy, integrating the above inequahty gives us 

i{T) = r \\T'{t)\\Mdt<a r \\i{t)\\Bdt + ()a r dt = 
Jtl Jtl Jtl 

= a • £(7) + pa{t2 -ti) = a [£(7) + /3(t2 - h)] > 

which proves the proposition. 

Therefore, as it can be interpreted from the above inequahty, the length 
of a hft r of a long curve 7 is controlled by above by the length of 7. 

□ 

4 Riemannian Submersions, Maximal Rank Maps 
and Counterexamples 

In this section we will explore Riemannian submersions and maximal rank 
maps vr : M — > i? between Riemannian manifolds M and B. 

Motivated by O'Neill JU], we will investigate this question: when does a 
maximal rank map n : M ^ B differ only by a rough isometry of M from the 
simplest type of Riemannian submersions, the projection pB : F x B ^ B 
of a Riemannian product manifold on one of its factors. 

4.1 Riemannian Submersions 

We first show that, if the base manifold B is compact and connected, then 
the fibers F can be roughly isometrically immersed into M, and thus, M 
is roughly isometric to the product F x B of any fiber F and the base 
space B [Theorem 14. 1 . f] . Secondly, when B is noncompact, connected and 
complete, and diam{F) is uniformly bounded, we show that the Riemannian 
submersion tt : M B is a rough isometry, and thus, if a fixed fiber F is 
compact then M is roughly isometric to the product F x B oi that fiber F 
and the base space B [Theorem I4.1.2j . 

Theorem 4.1.1 Let tt : M ^ B be a Riemannian submersion. Suppose B 
is compact and connected, and for each b £ B the fiber tt~^ (b) has the induced 
metric from {M,d). Then for each b £ B, the inclusion l : ■7T~^{b) ^ M is 
a rough isometry. 

In particular, since B is compact, M is roughly isometric to the product 
7r-i(6) X B. 
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Theorem 4.1.2 Let tt : M ^ B be a Riemannian submersion, where B is 
connected and complete. Suppose that, for some constant m > 0, all fibers 
satisfy the universal diameter property: 

(UDF) diam {'K~^{b)) < m< oo,\/b e B. 

Then, ir : M ^ B is a rough isometry. 

In particular, if for some bo the fiber 7r~^(6o) is compact, then M is 
roughly isometric to the product 7r~^(6o) x B. 

Note that Theorem 14. 1 . 1 1 is a Corollary of Theorem 14.2. 11 and The- 
orem 14.1.21 is a Corollary of Theorem I4.2.3( proven in the next section. 

4.2 Non-Submersions Surjective Maximal Rank Maps 

In this section, we prove that for onto smooth mappings with maximal rank 
vr : Af — > i?, that are not necessarily submersions, the same results as 
in Theorem 14.1.11 and Theorem 14.1.21 hold, as long as we make ex- 
tra assumptions on the subspaces of horizontal vectors by adding control 
from above on the length of horizontal vector lifts [Theorem 14.2.11 The- 
orem 14.2.3j . Counterexamples are provided in this sectionto show that 
if any of the assumptions are removed those results cease to follow [Coun- 
terexample 14.2.21 Counterexample 14.2.41 Counterexample 14.2.5j . 

Theorem 4.2.1 Assume that B is compact, and for each b £ B, the fiber 
TT^^i^b) = Ffe is endowed with the induced metric from {M,d). Suppose that 
for all b £ B, there are constants a > 1 and P > 0, independent of b such 
that, the following inequality holds: 

\\v\\m < C(\\w\\b + P (5) 

for all X € Fj, and w S Ti,B, where v £ {HT)x C TxM is the horizontal lift 
of w through x. 

Then, for each b £ B, the inclusion map l : Fj, ^ M is a rough isometry. 
In particular, since B is compact, M is roughly isometric to the product 
7r-i(6) X B. 

Proof. We must verify axioms (RI.l) and (RI.2) for l, given any b £ B. 

Clearly axiom (RI.l) holds since each fiber has the induced metric. 

Let us denote by {M,dM) and (Bjds) the Riemannian metric spaces, 
and let b £ B be fixed. 
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To verify axiom (RI.2), we need to prove that M is an e-neighborhood 
of L{Fh) C M, for some e > 0, i.e. we must find a constant e > for which 

dM[y,i{Fb)) <e, yy£M 

Without loss of generahty, we may assume that B is connected, other- 
wise, we can repeat, on each connected component of B, the argument that 
will follow. 

Now, since B is compact and connected it is also complete. 
Thus, for any y £ M there exists a minimal geodesic 7 joining 7r(?/) to 
b, which we will parametrize by 

7: [0,1] ^i?,7(0) = ^(y),7(l) =6 

Since 7 has a unique horizontal lift T^ : [0, 1] — > M, through y, and so 
Ty connects y to the fiber F^, we can write, 

dist. O 

dMiy,tiFb)) < KTy):= \\r'\\Mdt< 

Jo 

< « / \\{'K,)r,it)r'y{t)\\Bdt + p = 
Jo 

"°'^=^=^ a ['\\j'{t)\\Bdt + (3 = a-£{j)+P (6) 
Jo 

Now, by the compactness of B, 

diam B := sup {^5(61, 62)} < 00 

bi,b2£B 

Moreover, since 7 is a minimal geodesic joining TT{y) to b, 

£{j) = dB(vr(y), b) < diam B < 00 (7) 
By substituting ((Jj) in ©, we obtain, 

E 13 

dAiiy, i{Fb)) < a ■ ^(7) + /?<«• (diam B) + P (8) 

Define e := a ■ (diam B) + /?, which is a positive constant independent 
of y, and also oi b £ B. 

For that choice of e, since y £ M is arbitrary, we see that © is exactly 
axiom (RI.2) for the inclusion map l : F^ ^ M. 
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□ 

In what follows, we provide a Counterexample to illustrate how assump- 
tion Q is essential in Theorem 14.2.11 We show that if Q doesn't hold 
for some b £ B, then the inclusion map t : Ff^ ^ M ceases to be a rough 
isometry. 

Counterexample 4.2.2 We will exhibit M, B, vr satisfying all the condi- 
tions in Theorem \4.2.1\ with the exception of i.e., 

For any given constants a > 1 and (3 > there exist b G B, w £ T^B 
and x £ Ff) satisfying: 

\\v\\m > "H'w^IIb + P (9) 

where v is the horizontal lift of w in {HT)x C T^M. 

In this case, the inclusion map l : Fb ^ M is not a rough isometry. 

Let M and B be the following Riemannian manifolds, 

M = {{xi,X2,X3) £ ■.xl + xl = xl + l} 

and the compact unit circle, 

B = S'^ = {(xi, ^2, 0) £ : xl + xl = 1} 

where the metrics on M and B are induced by the Euclidean metric on 1?'^. 
Let TT : M ^ B he defined by, 

7r(xi, a;2, 2:3) = ( —^^^==, —^^^==,0 ] 



\/x'f + xl' y/x'f + 



Clearly vr : M — > is an onto smooth maximal rank map. 
Firstly, we remark that © can be verified with a series of calculations 
(c.f. P). 

Lastly, we show that for each b = (61 , 62 1 0) £ B the inclusion l : F^ ^ M 
is not a rough isometry. 

In that direction, we claim that (RI.2) fails, i.e. 

Ve > 0, = y^{e, b) £ M, satisfying dMiVe, '-(-^fe)) > e 

Let 7 be a compact connected smooth curve in B = , parametrized 

by, 

7(t) = (cos(t), sin(t), 0) £ B, Vt G [0, 1] 
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Figure 1: The map vr : M ^ i? in Counterexample 14.2.21 

with b = 7(tb) for some tb € [0, 1]. 

A generic element in the fiber M can be described as, 

ir ■■= (cos(tb) • \/r2 + 1, sin(4) • \/r2 + 1, G M 

where s € -R is constant. 

Thus, the fiber Fh, where b = jitb) = (cos t;,, sintf,, 0), can be described 

as, 

F'b = {Cr := {^/r^+l • cost;,, Vr^ + l • sin^, r), r G M} 

It can be shown (see ) that the unique horizontal lift T,. (see Fig. ^ 
of 7 through (^r, where r > 0, can be parametrized by, 

^r{t) = (71 (t) • Vr^ + 1, 72(0 • Vr^ + 1, r) Vt G [0, 1] 
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Figure 2: Curve 7 and its horizontal lift 
Notice that Af \ Ff, / 0. 

Now, any element Ur of M \ is of the form, 



Vr2 + l-cost, \/r2 + l • sint, 



for some r G R and t G [0, 27r),t / t^, where 7(tb) = (cost{,,sint6,0) = b 
7r{yr) = (cos t , sin t, 0) = j{t) (see Fig. inj. 



We may choose t £ [0, 27r) as follows 
t := 

In particular, t ^ ti^ and |t — tf,| = vr 



if, + vr, if < 4 < vr (: .vr < f < 27r) 
tb-TT, if vr < tft < 2vr (: .0 < t < vr) 
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lih) = b \ -fit) 
Figure 3: Generic elements in the fiber Ff,, and yr in M \ Ff, 



Moreover, 



dM{ir-,yr) = \/(r2 + 1) (cos tfo - COS f)^ + (r^ + 1) (sin tfe - sin t)^ 
= v^r^ + ly^l — 2 COS cos t — 2 sin t^) sin t + 1 = 



= \/r2 + l\/2v^l - cos(tb - t) = + 1 V2a/2 = 2yjr'^ + 1 

Let e > be arbitrary. 

If e < 2, by ((101) we have (see Fig. El), 

dM{L{Fb),yo) = dM{io,yo) ^ 2 > e 
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which shows that [RI.2] fails for := yo = (cost, sin t,0) G M \ Ft,. 
If e > 2, consider any r £ M satisfying 

r > = > 

2 2 

this choice of r being possible, because property Q holds for this Coun- 
terexample. 

In that case, we have. 



2r > A/e2 -4 > =^ Ar^ > - 4 > ^ A{r'^ + 1) > ^ 

=^ 2\/r2 + 1 > e (11) 

In what follows we will define (see Fig. 

ye = + 1 • cos t, \/r2 + 1 • sin t, e M \ Fb 

satisfying the 2 conditions, 

• > r; and 

• the unique straight line passing through and is perpendicular to 
Ff) at ^r, thus giving us the realization of the distance dMiVe, t-iFb)) = 

We may assume for the sake of a much simplified calculation, that, tf, = 
— and ^ ~ since M is symmetric with respect to both axis 63 and 62 

Thus we have, 7 (^) = (0,-1,0) = &,7(f) = (0,1,0), a generic el- 
ement S^r = (0, — \/r2~+T, r) in the fiber Fi,, and a generic element yr = 
(0, \/r2~+T, r) in M, but not in the fiber F},. 

In this case, Fb is given by 2:2 = —\/x^+l, and the perpendicular line 
to Fb at has equation, 

X2 + \/r2~+T = — (2:3 — r) = 
Vr2 + 1 

= (x3-r), Vx3Gl? (12) 

r 

d , -2r 

where fJ- = v + 1 
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lih) = b 








TT 




lit) 



Figure 4: Realization of the distance between and the fiber Ff,. 



Since = ^0, y^r^ + 1, r^^ is on the hne we obtain the following 
equation, 



Jr^ + 1 + \/r2 + 1 = (r, - r) > 

r 

which defines r^. 

Indeed, equation (|ll-{j) has only one solution. 



— vr^+T at; at; /?"f 

1 = r, - 2Vr2 + 1 = Vr2 + 1^-2 



r," + 1 = (r" + 1) -| + 4 - 4- 



(13) 



15 



16 



C. ABREU-SUZUKI 



+ 1 = + ^ + 4(r2 + 1) - 4 /'r + ^ ) r. 



^tt"^ - 4(r + -)r, + 4r2+3 = 



„2 e 



r 



4 (^r + ± ^/A 



2 



where 



A = 16 (^r + - 4-^2 (4r2 + 3) = 16 (^r^ + 2 + -^^^ 



12 

16- ^ 



16r2 + 16 + — = 4(4r2 + 4+ — I = 4(2r + 



1X2 



= 2(2r + - 1 = f4r + - 



r 



which imphes that, 



4 ( r + - ) ± ( 4r + 



4"^ + 3r (sohition) 

2 ^ 1 r ( not a solution) 



2r^+2r±(2r^ +r) 



Then, the only solution of equation (|13|) is, 

r, = 4^ + 3r = r (42 + 3) > r > (14) 
Finally, by employing the expressions, 

ye = (0, + 1, and = (0, -\/ r2 + 1, r) 

and by using (|13|) and (|14p , we can estimate the distance from ?/e to the 
fiber Ff,, only in terms of r, 



o!M(y., ^r) = 1/02+ ( \/r2 + 1 + + 1 ) +(r, -r)2 



Ha 



+ ^ (re - r)2 + (re - r)'^ = \ ( — + 1 ) (^e - '^)^ 
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-(r, - r)^ = 1/ ^ 5 — ^(4r'^ + 3r - r) 

= \/(2r2 + 1) (4r2 + 2) = \/2r2 + 1 (4r2 + 2) = 2\/2r^ + 1 (2r2 + l) = 

3 

= 2(2r2 + l)2 (15) 
Next, we claim that, 

(2r2 + l)^ > + 1 (16) 
The function / G C°°(27^) defined by, 

fir) := {2r' + lf-{r' + l) 
is clearly strictly increasing on [0, cxo) , and thus, 

/(r) > /(O) =0, Vr > ^ {2r'^ + l) ^ > (r^ + l) ^ , Vr > 

which is claim (I16() . 

Now, if we combine (fT5|). (fT6|) and (fTTI) . we get. 



dMiVe, i{Fb)) = dM{ye,&) > 2vV^+T > e 

which shows that [RI.2] fails for := ^0, y/r^ + l,r^^ £ M \ Fb. 

We have thus shown that for any e > there exists €z M\ for which 
[RI.2] fails. Consequently, the inclusion map l : F^ ^ M \s not a rough 
isometry. 

This describes the Counterexample. 

Next, including a lower bound in assumption and adding an universal 
diameter upper bound condition on the fibers, we will show that vr : M — > i? 
is a rough isometry. 

Theorem 4.2.3 Let ir : M ^ B be an onto smooth map with maximal 
rank, where B is complete. Assume the following, 

(UDF) 3m > 0, a universal constant, such that diam {7r~-'^(6)} < m < oo, 
for all h G B; and 

(HLC) 3a > 1 and /? > such that, for all b £ B the inequality holds: 

— \\w\\b - P < \ \v\\m < 0(\\w\\b + P 
a 

for all X £ Fb and w £ TbB, where v G {HT)x C T^M is the horizontal 
lift of w through x and we assume that v satisfies \ \v\\m < 1- 
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Then, tt : M ^ B is a rough isometry. 

In particular, if the fiber 7r~^(6o) is compact for some bo, then M is 
roughly isometric to the product 7r~^{bo) x B. 



Proof. Firstly, note that in (HLC) the horizontal lift v G {HT)x of w is 
assumed to satisfy H'^IIa/ ^ 1- Otherwise, if H'^Hm > 1 we define v :- 



with the properties 



V :- 



\m\M 
II^IIm = 1 



w 



Mm 



and if we use 

ity, 



w 



and V in (HLC), we thus obtain the equivalent inequal- 



w 



V\\M 

1 ll'^lb _ 
a I \v\\m 

1,1 M 

a 
1 



B 



W 



Mm 



B 



n ^ m\M . \\w\\b , a 



\V\\M \\V\\M 

\v\\m < \ \v\\m < a\\w\\B + /^I^IIm 



\w\\b < \\v\\m < 



-II-u^IIb < 1) \\v\\m a (1 - /?) \\v\\m < a\\w\\B ^ 
a 

1 a .. 

"w\\b, if/3/1 

if /?= 1 



1 

a(/3 + l) 



1 



a(/3+l)' 



(1-/?)' 
w\\b < \\v\\m, 



for w E TfjB, where v is the unique horizontal lift of w through x with 
\\v\\m > 1- 

We must verify the vahdity of (RI.l) and (RI.2). 
Clearly, axiom (RI.2) holds since vr is onto. 
To verify (RI.l), let x,y G M. 

We may assume that B is connected. Otherwise, we repeat the argument 
which will be utilized in this proof, on each connected component and the 
result will follow. 
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Because B is complete, there exists a minimal geodesic 7 joining 7r(x) to 
7r(?/), with £(7) = ^5(71(2;), 7r(y)), which we parametrize by 7 : [0, 1] B, 
where, 7(0) := 7r(x),7(l) := vr(y). 

Recall that 7 has a unique horizontal lift '■ [0, 1] — > M, through x, so 
r^,. intersects the fiber F^^^y-^ containing y. 

We may assume, without loss of generality, that is parametrized pro- 
portionally to arc lenght and ||r2^^'(t)||A/ < 1 for all t £ [0, 1]. 

Thus we can write, 



^(r,) = / \K\\Mdt < a \\i7r,)r^^t)KmBdt + (3 
Jo Jo 



TToFx 



= a \\-/'{t)\\Bdt + f3 = a-i{^)+p =' 
Jo 

= a-dB{7r{x),TT{y))+(3 (17) 

By the triangle inequality, by hypothesis and the above, we have, 

A dist. 
dM{x,y) < dA/(2;,r^(l)) +(iM(rx(l),y) < 

(UDF) ini 

< ^{T^)+dM{T^{l),y) < i{T^) + m < 

< a ■ dB{TT{x),TT{y)) + P + m 

which can be rewritten as, 

dB{7T{x),7r{y)) > -dM{x,y) - (18) 
a a 

Now, we claim that for 7, the minimal geodesic joining tt{x) to vr(y), its 
length £(7) satisfies, 

dB(7r(x), 7r(y)) = £(7) < a ■ + a • /3 (19) 

for any smooth curve ? : [0, 1] — > M, joining x to y. 

First, observe that for any orthogonal vectors U and W, 

\\U(BW\\^ = + \\W\\^ > max{||C/||M|t^||2} 

Now, since each tangent vector is the direct sum of a horizontal and a 
vertical vector, we can write, 

%) = \Wit)\\Mdt = C \\^'H{t)®^v{t)\\Mdt > C \\c;'H{t)\\Mdt (20) 
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where we are assuming here that (;h is parametrized proportional to ar- 
clength, and ||?^:^(t)|U/ < l,Vt G [0,1]. 

Since, iyT)x = ker(7r^)2:, Vx G M, we have, 

£(7roO= j\\{'n.\(t)^'{t)\\Bdt= [' \\{7r.),it)MmBdt (21) 
JO Jo 

From the left-hand side of (HLC), 

1 

a 



■ \\M,{t)^H{mB - (3 < iWnimM ^ 

vr*),w4WllB <«-||4(i)llAf + a-/? (22) 



for all t G [0,1]. 

If we combine (ETJ) and (EH), we get, 

i{no,) W / ||(7r,),(i)4(f)||Brft < a ||4(*)IIm + «/3 < 



03 

< a£(?) + aP (23) 

Inequality 1)23^ and the fact that 7 is a minimal geodesic joining Tr{x) to 
7r(y) imply that we can finally write, 

dB{iT{x),TT{y)) = £{j) < o q) < al{q) + a(3 

for any smooth curve ? : [0, 1] M, joining x to y, which is claim ()19() . 

We recall that by definition of infimum, dM{x,y) is the greatest lower 
bound for {£(<?), where : [0, 1] — > M is any smooth curve joining x to y}, 
and since ? is arbitrary in ()19() . we obtain, 

dB{TT{x),7r{y)) < a ■ duix, y) + a ■ f3 (24) 
Let A := a > 1 and C := max < ,a • (3> > 0. 



a 

If we now, rewrite (|18|) and H24|) in terms of A and C, as follows, 

1 , , , ^ 1 , , , (/3 + m) in 

—dM[x,y)-C < —dM[x,y) < 

A a a 
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< dB{TT{x),TT{y)) < adM{x,y) + aP < AdM{x,y) + C 



we obtain (RI.l) for vr. 
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□ 



In the following two Counterexamples, we show that the universal di- 
ameter property (UDF) of the fibers, and the control over the length of 
horizontal lifts (HLC) of tangent vectors are both necessary conditions in 
Theorem 14.2.31 

Counterexample 4.2.4 We will exhibit M, B, tt, where B is connected and 
each fiber F{j is compact for all b & B, satisfying all but condition (HLC) 
in Theorem \4.2.3l i.e.. 

For any given constants a > 1 and /3 > 0, there exist b £ B, x £ F^, 
w G T^B such that either one of the following holds: 



\v\\m > oi\\w\\b + (3 



or \\v\\m < —\\w\\b — P 
a 



(25) 



where v is the unique horizontal lift of w through x. 

In this case, the map tt : M ^ B is not a rough isometry. 



Let M = {{x,y,z) £ : x^ + z"^ = l,y e 
and connected Riemannian manifold. 



and B = M, a complete 




M 













'{x,y,z) 


A 














/ 













62 





X ei 












TV 


y] 


{x,y,z) ^ y 


im 1 





Figure 5: Manifolds M, B and the map vr in Counterexample 14.2.41 

We first define an auxiliary C^-diffeomorphism f : R ^ R by, 

-1 e[0,oo) if y > 



fiy) 



G(-cx),0] ify<0 



(26) 



21 



22 



C. ABREU-SUZUKI 






Figure 6: Graphs of /, / ^, /'. 



Let TT : M — > i? be given by 7r{x, y, z) := f{y). 

The map vr is onto and C°° , since both the projection (x, y,z) y and 
/ have those properties. The rank of vr is maximal and no (HLC) is easily 
verified (see P). 

Notice that the fibers have either form, 



IT 



{{x,ln{b + l),z) e : x'^ + z"^ = 1} , if 5 > 
{(x,-ln(l e : x^ + z^ = 1} , if & < 



Therefore, each fiber Fb is compact and diam Fb < m, for all b £ B, where 
m = 3 > is the universal upper bound for the fibers' diameters. 

Finally, we claim that vr does not satisfy (RI.l). 

It suffices to verify that (RI.l) fails for tt, for particular pairs of elements 
in M. We will show that \/A > 1,VC > 0,3yAc G -K, a positive number 
such that, 

ds (7r(x,0,z),7r(x,y,2;)) > A ■ (Im {{x,0, z), {x,y, z)) + C <^ 
^ \f{0)-f{y)\>A-y + C^ey-l>A-y + C (27) 

for all y > yAC: where x,zGl?:x^ + z^ = l are arbitrary. 

Fixing constants A>1 and C > 0, introduce g G C°°{R), by 

9 - y ^ 9{y) ■■=ey - I- Ay -C 

One can show that, 

3yAc >0:yy>yAc^ g{y) > (28) 

using the functional behavior of g (see PP). 

Therefore, (|27|) holds and the claim follows, and consequently vr is not a 
rough isometry. 

This describes the Counterexample. 
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Counterexample 4.2.5 We will exhibit M,B,tt, where B is connected, 
satisfying all the conditions in Theorem \4.2.3i with the exception o/(UDF), 
i.e., 

The fibers ' diameters are not uniformly bounded, in other words: 

V?n > 0, 3bm £ B : diam > m 

In this case, the map n : M ^ B is not a rough isometry. 

Proof. Let M = {(0, y, z) G R^] ^ {0} x and B = R, a complete and 
connected Riemannian manifold. 

Let vr : M — > i? be the projection tt{x, y, z) := y. 

The map tt is onto, , and vr has maximal rank =L and (HLC) is easily 
verified (see P). 




b 



Figure 7: Manifolds M, B and the map tt in Counterexample 14.2.51 

Each fiber is given by, 

Ff, = TT-^ib) = {{0,b,z) : z £ R}, b£B = R 

which is a line passing through (0,6,0), determined by the intersection of 
M with the plane y = b. Hence each fiber is not compact as a subset of 
R^, they all have infinite diameter, and therefore the fibers' diameters are 
not uniformly bounded. 

Our goal next is to show that vr is not a rough isometry. 
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It suffices to verify that vr does not satisfy (RI.l) for particular pairs of 
elements in M, i.e., 

VA > 1, VC > 0, 37]Ac e K \ {0}, 

dB (vr o r/), vr o X{fx, 0)) < ^ • cIm {X{p, r,),X{^x, 0)) - C ^ 

^ lAi - ^1 < ^ • t^A/ ((0, At, r?), (0, /i, 0)) - C 4^ 

4^ < ^ • |r/| - C7, Vt? > r/Ac (29) 

Let A > 1,C > be arbitrary, and define the real positive number 
r]AC := + 1 > 0. 
We see that, 

r^AC = AC+l> AC <^ jVAc >C^ ^7]ac - C > (30) 
and since, for all r] > ijac^ 

1 1 Eni 

-jV-C>jVAC-C > 

inequality is verified. 

Therefore, (|29jl holds and (RI.l) fails for vr, which shows that vr is not 
a rough isometry. 

This describes the Counterexample. 
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